
Chapter 1

Simplified Vehicle Models

Modeling of the vehicle dynamics has been extensively studied in the last twenty
years. We extract from the existing rich literature [25], [44] the vehicle dynamic
models needed in this thesis work for simulation and control design purposes. We
point out that the vehicle mathematical models presented next are oversimplified
since further dynamics, not relevant for our control applications, are neglected.

Consider the Figure 1.1,

Figure 1.1: Forces acting on the center of gravity. Courtesy of Ford Research Laboratories.

where y, x and z are the lateral, longitudinal and vertical axes, respectively, ẏ
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Simplified Vehicle Models

and ẋ are the lateral and longitudinal vehicle velocities along the lateral and
longitudinal axes, respectively, ψ̇ is the vehicle rate of rotation around the z

axis, or yaw rate, Fy and Fx are the lateral and longitudinal forces applied to
the vehicle Center of Gravity (CoG) and M is the moment around the z-axis,
or yaw moment. The yaw rate ψ̇ is assumed positive counterclockwise.

By applying the Newton law to the CoG, the lateral, longitudinal and yaw
motions are described by the following set of differential equations

mÿ = Fy, (1.1a)

mẍ = Fx, (1.1b)

Iψ̈ = M. (1.1c)

where m is the vehicle mass and I is the vehicle inertia along the axis z.

Figure 1.2: Planar motion of the vehicle in an inertial frame.

Consider the Figure 1.2, where the planar motion of the vehicle in an inertial
frame X-Y is depicted. In particular the y and x axes in Figure 1.2 are the y

and x axes in Figure 1.1, respectively. The angle ψ is the vehicle orientation in
the inertial frame X-Y , or yaw angle, with ψ positive counterclockwise and ψ =
0 when the axis x in Figures 1.1 and 1.2 is parallel to the longitudinal axis X

of the inertial frame in Figure 1.2.

In order to model the planar motion of the vehicle in the inertial frame X-Y
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the following equations have to be added to the (1.1)

Ẏ = ẋ sin ψ + ẏ cos ψ, (1.2a)

Ẋ = ẋ cos ψ − ẏ sin ψ, (1.2b)

where Ẏ and Ẋ are the vehicle lateral and longitudinal velocities, respectively,
in the inertial frame.

In the next sections we particularize the basic equations (1.1)-(1.2) to ob-
tain four models with different levels of detail. In particular, in Section 1.1
the forces Fy and Fx and the moment M in (1.1) are computed as nonlinear
functions of the vehicle states and steering, independent braking and driving at
the four wheels.

In Section 1.2 we present a reduced order vehicle model, where the forces Fy

and Fx and the yaw moment M in (1.1) are computed as nonlinear functions of
the vehicle states and the steering only.

In Sections 1.4 and 1.5, we further simplify the vehicle models presented in
Sections 1.1 and 1.2 in order to derive low complexity vehicle models.

1.1 Four Wheels Model

In this section we present a four wheels vehicle model, where the states are the
lateral and longitudinal velocities in the body frame, the yaw angle, the yaw
rate, the lateral and longitudinal vehicle coordinates in an inertial frame and
the angular velocities at the four wheels. The inputs are the steering angle, the
brake and tractive torques at the four wheels. we remark that the model (1.1)-
(1.2) is augmented with the dynamic model of the four wheels.

The four wheels vehicle model in an inertial frame is sketched in Figure 1.3.
For the sake of compact notation, in this thesis work we use two subscript
symbols to denote variables related to the four wheels. In particular � ∈ {f, r}
denote the front and rear axles, while • ∈ {l, r} denotes the left and right sides
of the vehicle. As example, the variable (·)f,l is referred to the front left wheel.

In Figure 1.3 Fc�,• and Fl�,• are the lateral (or cornering) and longitudinal
tire forces, respectively, Fy�,• and Fx�,• are the components of the tire forces
along the lateral and longitudinal vehicle axes, respectively, α�,• is the tire slip
angle and δ� is the steering angle.
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Figure 1.3: The simplified vehicle dynamical model.

Simplification 1 In the following we assume that the vehicle is a rigid body,
i.e., the lateral and longitudinal forces on the right hand sides of (1.1a) and (1.1b),
respectively, are computed as sum of the lateral and longitudinal components Fy�,•

and Fx�,• at the four vehicle wheels.

According to the Simplification 1, for the vehicle model in Figure 1.3 the
right hand side in equations (1.1) can be rewritten as follows:

mÿ = −mẋψ̇ + Fyf,l
+ Fyf,r

+ Fyr,l
+ Fyr,r , (1.3a)

mẍ = mẏψ̇ + Fxf,l
+ Fxf,r

+ Fxr,l
+ Fxr,r

(1.3b)

Iψ̈ = a
(
Fyf,l

+ Fyf,r

) − b
(
Fyr,l

+ Fyr,r

)
+ c

(−Fxf,l
+ Fxf,r

− Fxr,l
+ Fxr,r

)
, (1.3c)
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1.1. Four Wheels Model

where the constants a and b are the distances from the CoG of the front and
rear axles, respectively, and c is the distance of the left and right wheels from
the longitudinal vehicle axis.

The lateral and longitudinal tire forces Fc�,• and Fl�,• lead to the compo-
nents Fy�,• and Fx�,• , along the lateral and longitudinal vehicle axes, respec-
tively, computed as follows

Fy�,• = Fl�,• sin δ� + Fc�,• cos δ�, (1.4a)

Fx�,• = Fl�,• cos δ� − Fc�,• sin δ�. (1.4b)

Figure 1.4: Illustration of tire model nomenclature [28]

The lateral and longitudinal tire forces Fc�,• and Fl�,• are directed as in Fig-
ure 1.4. Fc�,• and Fl�,• are complex functions of several parameters. A possible
dependency can be described as

Fc�,• = fc(α�,•, s�,•, μ�,•, Fz�,•), (1.5a)

Fl�,• = fl(α�,•, s�,•, μ�,•, Fz�,•), (1.5b)

where α�,• are the tire slip angles, s�,• are the slip ratios, μ�,• are the road
friction coefficients and Fz�,• are the tires normal forces. All these parameters
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are defined next, while the lateral and longitudinal tire characteristics fc and fl

are described in Section 1.3.
As shown in Figure 1.3, the slip angle α�,• in (1.5) represents the angle

between the wheel velocity vector v�,• and the direction of the wheel itself, and
can be compactly expressed as:

α�,• = arctan
vc�,•

vl�,•
, (1.6)

where vc�,• and vl�,• are the lateral and longitudinal wheels velocities, respec-
tively.

The wheel’s equations of motion describe the lateral (or cornering) and lon-
gitudinal wheel velocities:

vc�,• = vy�,• cos δ� − vx�,• sin δ�, (1.7a)

vl�,• = vy�,• sin δ� + vx�,• cos δ�, (1.7b)

where the velocities vx�,• and vy�,• for the four wheels are computed as follows:

vyf,l
= ẏ + aψ̇ vxf,l

= ẋ − cψ̇, (1.8a)

vyf,r
= ẏ + aψ̇ vxf,r

= ẋ + cψ̇, (1.8b)

vyr,l
= ẏ − bψ̇ vxr,l

= ẋ − cψ̇, (1.8c)

vyr,r = ẏ − bψ̇ vxr,r = ẋ + cψ̇. (1.8d)

Remark 1 We observe that, according to the equations (1.8), the longitudinal
velocities vx�,• of the left and right wheels have different values during a turn.
Consider the vehicle in a left turn. According to the convention in Figure 1.3,
the yaw rate ψ̇ is positive and the velocities of the right wheels are higher than
the left wheels ones. In a right turn, the yaw rate is negative and, coherently,
the velocities of the left wheels are higher than the right wheels ones.

The slip ratio s�,• in (1.5) is the defined as

s�,• =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

rwω�,•
vl�,•

− 1 if vl�,• > rwω�,•, vl�,• �= 0 for braking

1 − vl�,•

rwω�,•
if vl�,• < rwω�,•, ω�,• �= 0 for driving,

(1.9)
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1.1. Four Wheels Model

where rw and ω�,• are the radius and the angular speed of the wheels, respec-
tively, and vl�,• are the wheel longitudinal velocities computed in (1.7). We
observe that s�,• ∈ [−1, 1].

The wheel angular speeds ω�,• in (1.9) are obtained by integrating the fol-
lowing set of differential equations:

Jw,�ω̇�,• = −Fl�,•rw − Tb�,• + Tt�,• − b · ω�,•, (1.10)

where Jw,� include the wheel and driveline inertias, b is the damping coeffi-
cient, Tb�,• are the braking torques at the braking pads, Tt�,• are the tractive
torques at the braking pads delivered by the engine and subject to the following
constraint:

Ttf,l
+ Ttf,r

+ Ttr,l
+ Ttr,r ≤ Teng, (1.11)

where Teng is the torque delivered by the engine.

Remark 2 Ideally the braking torques Tb�,• and the tractive torques Tt�,• could
be replaced by a unique torque T�,• (i.e., T�,• > 0 for tractive torques and T�,• <

0 for braking torques). However, we differentiate the two variables since they
are generated by different actuators.

Fz�,• in (1.5) are the normal forces on the wheel and are directed as in
Figure 1.4. Since the main contribution to the tire normal forces is due to the
weight of the vehicle, next we make use of the following

Simplification 2 The normal forces Fz�,• are constant and distributed between
the front and rear axles based on the geometry of the car model (described by the
parameters a and b):

Fzf,• =
bmg

2(a + b)
, (1.12a)

Fzr,• =
amg

2(a + b)
. (1.12b)

The equations (1.12) provide an approximation of the normal tire forces
distribution in steady state operation. Due to lateral and longitudinal acceler-
ations, the lateral forces can change. A very simple model accounting for that
is presented next in Section 1.6.
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Remark 3 Consider the Figure 1.5. A braking torque at the rear left wheel
generates a positive yaw moment M in (1.1), while a braking at the rear right
wheel generates a negative yaw moment. The braking at left and right front
wheels produces the same effects of the braking at the corresponding rear wheels,
as long as the steering angle lies in certain ranges. In particular, as shown
in Figure 1.6 where a braking at the front left wheel is sketched, if δf ≤ δ∗,
with δ∗ = arctan(c/a), the generated yaw moment is positive. If δf > δ∗ the
braking at the front left wheel generates a negative yaw moment M . Analogously,
if δf ≥ −δ∗ the braking at the front right wheel generates a negative yaw moment,
while if δf < −δ∗ a positive yaw moment is generated. All the aforementioned
cases are summarized in Table 1.1.

FL FR RL RR
δf < −δ∗ M > 0 M > 0 M > 0 M < 0

−δ∗ ≤ δf ≤ 0 M > 0 M < 0 M > 0 M < 0
0 ≤ δf ≤ δ∗ M > 0 M < 0 M > 0 M < 0

δf > δ∗ M < 0 M < 0 M > 0 M < 0

Table 1.1: Sign of the yaw moment generated by braking a single wheel in combined steering

and braking. Each of last four columns shows the sign of the yaw moment generated by the

braking at a single wheel.

Using the equations (1.2), (1.3)-(1.12) the nonlinear vehicle dynamics can
be described by the following compact differential equation:

ξ̇(t) = f4w
μ(t)(ξ(t), u(t)), (1.13)

where the state and input vectors are ξ = [ẏ, ẋ, ψ, ψ̇, Y, X, ωf,l, ωf,r, ωr,l,

ωr,r] and u = [δf , Tbf,l
, Tbf,r

, Tbr,l
, Tbr,r

, Ttf,l
, Ttf,r

, Ttr,l
, Ttr,r

, Teng], re-
spectively, and μ(t) = [μf,l(t), μf,r(t), μr,l(t), μr,r(t)].

1.2 The Bicycle Model

In this section we derive a reduced order model from the four wheels model (1.13).
It is called single track or “bicycle model” [32] and it is based on the following
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1.2. The Bicycle Model

(a) Braking on the left side. (b) Braking on the right side.

Figure 1.5: Yaw moment generation with braking on one side.

simplification

Simplification 3 At front and rear axles, the left and right wheels are lumped
in a single wheel.

The states of the bicycle model are the lateral and longitudinal velocities
in the body frame, the yaw angle, the yaw rate, the lateral and longitudinal
vehicle coordinates in an inertial frame. The input is the front steering angle.
Figure 1.7 depicts a diagram of the vehicle model under the Simplification 3.

For the bicycle model in Figure 1.7, the equations (1.1) can be rewritten as
follows:

mÿ = −mẋψ̇ + 2Fyf
+ 2Fyr

, (1.14a)

mẍ = mẏψ̇ + 2Fxf
+ 2Fxr

, (1.14b)

Iψ̈ = 2aFyf
− 2bFyr

, (1.14c)
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Figure 1.6: Change of sign in the yaw moment generation for the front wheels braking.

where we used the following nomenclature: Fc� and Fl� , with � ∈ {f, r}, are the
lateral (or cornering) and longitudinal tire forces, respectively, Fy� and Fx� are
the components of the tire forces Fc� and Fl� along the lateral and longitudinal
vehicle axes, respectively, α� is the tire slip angle and δ� is the steering angle.
The subscript � denotes the front or rear axles.

Remark 4 We remark that Fy� and Fx� in equations (1.14) and in Figure 1.7
represent the lateral and longitudinal components, respectively, of the cornering
and longitudinal tire forces Fc� and Fl� generated by the contact of a single
wheel with the ground.

The forces in (1.14) can be computed as in Section 1.1 by taking out the
second subscript in the equations (1.4)-(1.9). However, for sake of completeness
next we particularize for the bicycle model the equations (1.4)-(1.9) used for the
four wheels model.

The lateral and longitudinal forces Fy�
and Fx�

in (1.14) are computed from
the cornering and longitudinal tire forces Fc�

and Fl� through the following
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1.2. The Bicycle Model

Figure 1.7: The simplified vehicle “bicycle model”.

equations

Fy�
= Fl� sin δ� + Fc�

cos δ�, (1.15a)

Fx�
= Fl� cos δ� − Fc�

sin δ�. (1.15b)

The tire forces Fc� and Fl� are directed as in Figure 1.4 and, for the front
and rear tires, are computed through the (1.5) that, for the bicycle model (1.14),
can be rewritten as follows

Fl� = fl(α�, s�, μ�, Fz�
), (1.16a)

Fc�
= fc(α�, s�, μ�, Fz�

). (1.16b)

The tire slip angle in (1.16) is computed through the following equation

α� = arctan
vc�

vl�

, (1.17)

where the cornering and longitudinal tire velocities vc� and vl� are computed as

vc�
= vy�

cos δ� − vx�
sin δ�, (1.18a)

vl� = vy�
sin δ� + vx�

cos δ�. (1.18b)
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The lateral and longitudinal tire velocities in the body frame vy�
and vx�

in (1.18) are computed from the vehicle states according to the following equa-
tions

vyf
= ẏ + aψ̇ vyr

= ẏ − bψ̇, (1.19a)

vxf
= ẋ vxr

= ẋ. (1.19b)

The slip ratio s� in (1.16) is the defined as

s� =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

rwω�

vl�

− 1 if vl� > rwω�, vl� �= 0 for braking

1 − vl�

rwω�
if vl� < rwω�, ω� �= 0 for driving,

(1.20)

where ω� can be computed as average of the left and right wheels angular
velocity for � ∈ {f, r}.

The tire normal forces Fz�
in (1.16) are assumed constant and computed as

in (1.12), where the second subscript, indicating the left and right sides, has to
be removed.

Remark 5 According to the Simplification 3, the friction coefficient μ and the
slip ratio s are assumed to be equal at the left and right wheels, i.e., no μ-split
and same braking and accelerating at the left and right sides.

The nonlinear vehicle dynamics described by the equations (1.2), (1.12)
and (1.14)-(1.20) can be rewritten in the following compact from:

ξ̇(t) = f2w
s(t),μ(t)(ξ(t), u(t)) (1.21)

where μ(t) = [μf (t), μr(t)] and s(t) = [sf (t), sr(t)]. The state and input
vectors are ξ = [ẏ, ẋ, ψ, ψ̇, Y, X] and u = δf , respectively. In the following
δr is assumed to be zero at any time instant.

Remark 6 For control design purposes, the slip ratio s and friction coefficient μ

in (1.21) can be considered as known external disturbances.
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1.3. Tire Model

1.3 Tire Model

With exception of aerodynamic forces and gravity, all of the forces which affect
vehicle handling are produced by the tires. Tire forces provide the primary
external influence and, because of their highly nonlinear behavior, cause the
largest variation in vehicle handling properties throughout the longitudinal and
lateral maneuvering range. Therefore, it is important to use a realistic nonlin-
ear tire model, especially when investigating large control inputs that result in
response near the limits of the maneuvering capability of the vehicle. In such
situations, the lateral and longitudinal motions of the vehicle are strongly cou-
pled through the tire forces, and large values of slip ratio and slip angle can
occur simultaneously. Similar situations occur, even with small control inputs,
for low values of the road friction coefficient μ.

Most of the existing tire models are predominantly “semi-empirical” in na-
ture. That is, the tire model structure is determined through analytical consid-
erations, and key parameters depend on tire data measurements. Those models
range from extremely simple (where lateral forces are computed as a function
of slip angle, based on one measured slope at α = 0 and one measured value
of the maximum lateral force) to relatively complex algorithms, which use tire
data measured at many different loads and slip angles.

In Section 1.3.1 we present the dependencies of the longitudinal and lateral
tire forces from the slip ratio s, the tire slip angle α, the road friction coefficient μ

and the normal force Fz.
Section 1.3.2 presents a complex tire forces model proposed by Pacejka in [1].

This model captures the nonlinearities associated with longitudinal and lateral
tire forces and can describe the behavior of the tires over wide operating ranges
of slip ratio and tire slip angles.

1.3.1 Basics of Static Tire Model

In this section we give a qualitative description of the lateral and longitudi-
nal tire forces characteristics fc and fl in (1.5) and (1.16). We observe that
both lateral and longitudinal forces depend on the tire slip angles α�,•, the slip
ratios s�,•, the road friction coefficients μ�,• and the tire normal forces Fz�,• .
We assume a given friction coefficient and a tire normal force and focus on the
relationship between the tire forces and the slip ratio and the tire slip angle.
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The lateral and longitudinal forces are generated by variation of tire slip
angle and slip ratio, respectively, i.e., without tire slip angle there is no side
force possible [25]. Similarly, the absence of tire slipping does not produce any
longitudinal force. An explanation of the tire forces generation mechanism can
be found in [44]. We just mention here that the lateral forces is mostly affected
by the tire slip angle, while the longitudinal force is dictated by the slip ratio.

Both lateral and longitudinal forces are linear functions of the slip angle and
slip ratio, respectively, over an interval, approximatively centered in the origin.
In this manuscript such interval will be referred to as linear region.

In pure cornering maneuvers, i.e., at zero slip ratio, the modulus of the the
lateral tire force starts from zero, increases within the linear region, reach a
peak equal to μ|Fz| and then, out the linear region, decreases as the slip angle
increases. Analogously, in pure braking/driving, i.e., at zero tire slip angle, the
longitudinal force depends on the slip ratio only.

In combined steering and braking/driving both lateral and longitudinal forces
are affected by the tire slip angle and the slip ratio. In particular, as the mod-
ulus of the slip ratio increases, the slope of the lateral tire force characteristic
and the maximum achievable force decrease. Analogously, as the modulus of
the tire slip angle increases, the slope of the longitudinal tire force characteristic
and the maximum achievable force decrease.

In general, a normalized traction force ρ can be defined as [44]:

ρ(α, s) =

√
F 2

l (α, s) + F 2
c (α, s)

Fz
. (1.22)

In pure cornering and braking/driving manoeuvres, ρ is a function of the
slip ratio and the slip angles, respectively, i.e., ρ = ρ(α) in pure cornering
and ρ = ρ(s) in pure braking/driving.

The road friction coefficient can be then defined as the maximum value that ρ

can achieve on a given surface for any slip ratio and tire slip angle value, re-
spectively, i.e.:

μ � max
s,α

ρ(α, s). (1.23)
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1.3. Tire Model

From equation (1.22) it is clear that in combined braking/driving and corner-
ing manoeuvres, the maximum traction force μFz is distributed in longitudinal
and lateral forces.

1.3.2 Pacejka Tire Model

In this thesis work we use a Pacejka tire model [1] to describe the tire longitu-
dinal and cornering forces in (1.16). This is a complex, semi-empirical model
that takes into consideration the interaction between the longitudinal force and
the cornering force in combined braking and steering. The longitudinal and
cornering forces are assumed to depend on the normal force, slip angle, surface
friction coefficient, and longitudinal slip.

The most attracting feature of the Pacejka tire model is the capability to
describe the tire behavior over operating ranges of slip ratio and tire slip angle,
including both the linear and nonlinear regions. In particular, in order to take
into consideration the tire forces saturation occurring in the nonlinear region,
the Pacejka method makes use of a mathematical formula. The formula (called
the magic formula) relies on a special function which, thanks to its structure, is
able to fit the measured data in the whole operating range. Moreover, as shown
next, its parameters are related to measured quantities in an simple manner.

The formula used in the Pacejka tire model is given by the equation (1.24),

Y (X) = D sin (C arctan (BΦ(X))) + Sv (1.24)

where Y is either the longitudinal or lateral generated force, X is either the
slip ratio or the tire slip angle, D is the peak factor, C is the shape factor, B is
the stiffness factor, Sv is the vertical shift and Φ is defined as follows:

Φ(X) = (1 − E) (X + Sh) + (E/B) arctan (B(X + Sh)) , (1.25)

where E is the curvature factor and Sh is the horizontal shift.
The parameters in equations (1.24) and (1.25) are shown in Figure 1.8, where

an example of cornering force characteristic is shown. In particular the peak
factor D represents the absolute value of the maximum achievable force, the
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shape and stiffness factors C and B, together with the peak factor D, affect the
slope of the characteristic, the curvature factor E influences the the slope of the
curve as well as the curvature in the maximum/minimum points. Finally the
curve is symmetric with respect to a point with coordinates (Sh, Sv).
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Figure 1.8: Coefficients in equations

The parameters in (1.24) and (1.25) have to be properly calibrated in order
to fit either longitudinal or lateral tire force data.

We remark that the model (1.24) and (1.25) can only describe the longitu-
dinal and tire force in pure braking/driving and cornering. In order to model
combined braking/driving and cornering, the (1.24) and (1.25) have to be mod-
ified as explained in [1].

Typical plots of the Pacejka tire model are reported in Figures 1.9-1.11.

In Figure 1.9 the longitudinal and lateral tire forces characteristics are shown.
In particular, in Figure 1.9(a) the longitudinal tire force is plotted versus the
slip ratio s for different values of the road friction coefficient μ in pure brak-
ing/driving, i.e., α = 0. In Figure 1.9(b) the lateral force versus the tire slip
angle α is plotted in pure cornering, i.e., s = 0.
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(a) Longitudinal force in pure braking/driving.
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(b) Lateral force in pure cornering.

Figure 1.9: Longitudinal and lateral tire forces with different μ coefficient values.

Note that, as discussed in Section 1.3.1, both longitudinal and lateral forces
are linear functions of the slip ratio and slip angle, respectively, within the linear
region. Moreover, the width of the linear region decreases as the road friction
coefficient μ decreases. In particular the width of the linear region ranges, for
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(a) Longitudinal force for different values of the tire slip angle α.
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(b) Lateral force for different values of the tire slip ratio s.

Figure 1.10: Longitudinal and lateral tire forces in combined braking/driving and cor-

nering with μ = 0.9.

the lateral force characteristic, between almost 0.6 deg for icy surfaces (μ = 0.1)
and 6 deg for asphalt (μ = 0.9).

In Figure 1.10 the longitudinal and lateral tire forces in combined brak-
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ing/driving and cornering are shown. In particular in Figure 1.10(a) the longi-
tudinal force Fl is plotted versus the slip ratio for μ = 0.9 for different values
of the tire slip angle α. In Figure 1.10(b), the lateral force Fc is plotted versus
the tire slip angle for different values of the slip ratio.

Consider the plots of longitudinal force in Figure 1.10(a). We observe that
the higher the tire slip angle is (i.e., the more the tire is moving sideways) the
lower the maximum longitudinal force and the slope of the curves in the linear
region are. A similar behavior is observed in the lateral force curves plotted in
Figure 1.10(b) for different values of the slip ratio.

Figure 1.11 reports the lateral and longitudinal tire force characteristics as
function of both tire slip angle and slip ratio.

We remark that the Pacejka model is valid in steady state conditions. As
a last remark, we point out that the dynamic effects of tires while negotiating
sudden changes of road/drive condition [15] are not described by the Pacejka
model. The modeling of tire dynamics may be important from the standpoint
of development of high performance ABS, traction control, and IVD systems of
future. In addition, the use of dynamic model yields an advantage of avoiding
the static tire model numerical difficulties at low vehicle speeds [15].

1.4 Bicycle Model Based on Small Angles Ap-

proximation and Linear Tire Model

In this section we start from the bicycle model presented in Section 1.2 and
derive a simplified vehicle model based on small angle approximations and a
linear tire model. In particular we simplify the tire model as follows:

Simplification 4 The lateral and longitudinal tire forces Fc�
and Fl� in (1.16)

are approximated with linear functions of the slip angle α� and the slip ratio s�,
respectively (see Figure 1.9).

The Simplification 4 holds true for small values of the tire slip angle and the
slip ratio. In particular, consider the plot of the longitudinal force versus the
slip ratio on dry road (μ = 0.9) in Figure 1.9(a). For small values of the slip
ratio (less than 10%) the longitudinal tire force Fl� in (1.16) is a linear function
of the slip ratio s�. According to the Simplification 4, The longitudinal tire
forces can be computed as follows
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Simplified Vehicle Models

(a) Longitudinal tire force.

(b) Lateral tire force.

Figure 1.11: Longitudinal and lateral tire forces in combined braking and steering as

functions of tire slip ratio and tire slip angle.

Fl� = Cl�s�. (1.26)

where Cl� is called the longitudinal stiffness coefficient.
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1.4. Bicycle Model Based on Small Angles Approximation and Linear Tire Model

In order to derive a model of the lateral tire force, consider the equa-
tions (1.17), (1.18) and (1.19). By using first order Taylor polynomials, for
small values (less than 10◦) of the steering angle δ� the cos δ� and sin δ� terms
in (1.18) can be approximated as follows:

cos δ� � 1, (1.27a)

sin δ� � δ�. (1.27b)

By combining the (1.18) and the (1.27), and assuming small values of the
tire slip angle α�, the equation (1.17) can be rewritten as follows:

α� � vy�
− vx�

δ�

vy�
δ� + vx�

. (1.28)

If vx � vy (i.e., small vehicle slip angle), the (1.28) can be approximated as
follows

α� � vy�

vx�

− δ� (1.29)

By assuming δr = 0 and substituting the (1.19) into the (1.29), we finally
obtain:

αf � ẏ + aψ̇

ẋ
− δf , (1.30a)

αr � ẏ − bψ̇

ẋ
. (1.30b)

By the Simplification 4, lateral tire force is a linear function of the tire slip
angle and the front and rear lateral forces can be written as follows:

Fcf
� Cc,f

(
δf − ẏ + aψ̇

ẋ

)
, (1.31a)

Fcr
� Cc,r

bψ̇ − ẏ

ẋ
, (1.31b)

where Cc�
> 0 is called the lateral stiffness coefficient.

Remark 7 The models (1.26) and (1.31) describe the longitudinal and lateral
tire forces in pure braking/driving and cornering for a given fiction coefficient μ

and normal force Fz, i.e., Cl� = Cl(μ, Fz�
) and Cc�

= Cc(μ, Fz�
).
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Simplified Vehicle Models

Next we use the approximated tire models (1.26), (1.31) in model (1.14).
Consider the equations (1.15). For small steering angles, the (1.27) and the (1.15)
can be combined to obtain:

Fy�
= Fl�δ� + Fc�

, (1.32a)

Fx� = Fl� + Fc�δ�. (1.32b)

By assuming δr = 0 the (1.32), for the rear axle, can be written as:

Fyr
= Fcr

, (1.33a)

Fxr
= Flr . (1.33b)

The equations (1.14), (1.26)-(1.33) can be combined to obtain the following
set of differential equations:

mÿ = −mẋψ̇ + 2

[
Cc,f

(
δf − ẏ + aψ̇

ẋ

)
+ Cc,r

bψ̇ − ẏ

ẋ

]
, (1.34a)

mẍ = mẏψ̇ + 2

[
Clf sf + Cc,f

(
δf − ẏ + aψ̇

ẋ

)
δf + Clrsr

]
, (1.34b)

Iψ̈ = 2

[
aCc,f

(
δf − ẏ + aψ̇

ẋ

)
− bCc,r

bψ̇ − ẏ

ẋ

]
. (1.34c)

By integrating the equations (1.2) and (1.34), the motion of the vehicle in an
inertial frame subject to the simplified lateral, longitudinal and yaw dynamics
can be correctly described when the vehicle operates in the linear region of the
tire characteristic.

For a given friction coefficient μ and a normal tire force distribution, the non-
linear vehicle dynamics described by the equations (1.2), (1.34) can be rewritten
in the following compact from:

ξ̇(t) = f lin(ξ(t), u(t)) (1.35)

where the state and input vectors are ξ = [ẏ, ẋ, ψ, ψ̇, Y, X] and u =
[δf , sf , sf ], respectively.

1.5 Point Mass Vehicle Model

In order to describe the motion of the vehicle in the inertial frame in the simplest
way, in this section a point mass vehicle model is derived. We consider the
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1.5. Point Mass Vehicle Model

bicycle model (1.2), (1.14) with the following simplifications:

Simplification 5 The vehicle is treated as point with a given mass m, i.e.,
no orientation is defined and the yaw dynamics in equations (1.2), (1.14) are
neglected.

Simplification 6 The trigonometric functions in (1.15) are approximated as cos δ�
∼=

1, sin δ�
∼= 0. Therefore the (1.15) are rewritten as follows:

Fy�
= Fc�

, (1.36a)

Fx�
= Fl� . (1.36b)

By the Simplifications 5 and 6, the equations (1.2), (1.14) can be compactly
rewritten as follows

mÿ = 2
(
Fcf

+ Fcr

)
, (1.37a)

mẍ = 2
(
Flf + Flr

)
, (1.37b)

with Ẏ = ẏ and Ẋ = ẋ.
The maximum tire forces in (1.37) can be constrained as in (1.22) and (1.23).

In particular, for a given friction coefficient μ and the tire normal force distri-
bution in (1.12), where the second subscript indicating the left or right side is
removed, the lateral and longitudinal forces in (1.37) are constrained as follows:

F 2
c�

+ F 2
l� ≤ μ2F 2

z�
. (1.38)

The states of the model (1.37) are the lateral and longitudinal velocities in
the body frame and the lateral and longitudinal vehicle positions in the inertial
frame. The inputs of the model are the lateral and longitudinal tire forces at
the front and rear axles.

Remark 8 The point mass vehicle model (1.37) is simple double integrator and
oversimplifies the models presented in Sections 1.1 and 1.2. Nevertheless, the
constraints (1.38) include important information about the tire forces which can
be achieved for a given surface and tire normal force distribution.
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Simplified Vehicle Models

For a given friction coefficient μ and a normal tire force distribution, the
vehicle dynamics described by the equations (1.37) can be rewritten in the
following compact from:

ξ̇(t) = fPM (ξ(t), u(t)) (1.39)

where the state and input vectors are ξ = [ẏ, ẋ, Y, X] and u = [Fcf
, Flf , Fcr

, Flr ],
respectively.

1.6 A Static Model for Tire Normal Force Cal-

culation

The four wheels and the bicycle model model presented in Sections 1.2 and 1.1,
respectively, are based on the assumption of constant tire normal forces (see
Simplification 2). In some operating conditions this simplification can lead to
large errors in determining the tire longitudinal and lateral forces. In fact, al-
though the main contribution to the normal forces on the tires is due to the
weight of the vehicle, longitudinal and lateral accelerations generate a redistri-
bution of the normal forces between the front and rear axles and the left and
right side, respectively.

Consider a vehicle traveling straight on a flat road at a constant longitudinal
speed, i.e., ẍ = 0. If the vehicle brakes or accelerates, ẍ �= 0 and the tire normal
forces on front and rear axles in (1.12) can be computed as follows [44]:

Fzf,• =
m(bg − hẍ)

2(a + b)
, (1.40a)

Fzr,• =
m(ag + hẍ)

2(a + b)
, (1.40b)

where h is the height of the CoG.
In particular we observe that in accelerating (ẍ > 0), the front normal force

decreases while the rear force increases of the same amount. Similarly, a load
transfer in the opposite direction occurs in braking.

Remark 9 We observe that the equations (1.40) are simple static relations.
To compute more precisely the tire normal forces, the roll and pitch dynamics
should be modeled in order to account for the effects of the suspensions [25], [44].
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1.6. A Static Model for Tire Normal Force Calculation

Analogously, if ÿ �= 0 a load transfer from one side to the other of the vehicle
occurs and the tire normal forces at the four wheels are computed as follows:

Fzf,l
=

m(bg − hÿ)
2(a + b)

, (1.41a)

Fzf,r
=

m(bg + hÿ)
2(a + b)

, (1.41b)

Fzr,l
=

m(ag − hÿ)
2(a + b)

, (1.41c)

Fzr,r
=

m(ag + hÿ)
2(a + b)

. (1.41d)
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